Most contracts of barrier and lookback options specify discrete monitoring policies. However, unlike their continuous counterparts, discrete barrier and lookback options essentially have no analytical solution. For a broad class of models, including the classical Brownian model and jump-diffusion models, we show that the Laplace transforms of discrete barrier and lookback options can be obtained via a recursion involving only analytical formulae of standard European call and put options, thanks to Spitzer's formula. The Laplace transforms can be numerically inverted to get option prices fast and accurately. Furthermore, the same method can be used to compute the hedging parameters (the greeks) of these products.
Because of this, various numerical methods have been proposed for discrete barrier and lookback options under the classical Brownian model, including, for example, lattice methods (Babbs, 1992; Boyle and Lau, 1994; Cheuk and Vorst, 1997; Hull and White, 1993; Kat, 1995; and Ritchken, 1995) and numerical integration (AitSahlia and Lai, 1997; Sullivan, 2000; Tse et al, 2001) . Kou (1997, 1999) propose an enhanced trinomial tree method and develop analytical approximations to relate the prices of continuous and discrete lookback and barrier options under the classical Brownian model. (Chuang, 1996 , also independently suggested the approximation for barrier options in a heuristic way.) The derivation in Broadie et al (1997) for discrete barrier options is further simplified and extended in Hörfelt (2003) and Kou (2003) . The approximations are very simple to use and give very good results when the number of monitoring points is large; however, they may not be sufficiently accurate when there is a limited number of monitoring points or the option is close to maturity. The enhanced trinomial trees may still be time-consuming. Furthermore, it is not clear how to generalize the results outside the classical Brownian setting.
In an interesting paper Ohgren (2001) shows how to compute the characteristic function of the discretely monitored maximum stock price, by using the celebrated Spitzer's (1956) formula, and then uses the result to price discrete lookbacks at the inception of the contract and at monitoring points (but not at any generic point in time), if the previous achieved maximum (minimum) stock price can be ignored.
In this paper, building on the result in Ohgren (2001) and the Laplace transform (with respect to strike prices) introduced in Carr and Madan (1999) , we develop a method based on Laplace transform that easily allows us to compute the price and hedeging parameters (the Greeks) of discretely monitored lookback and barrier options at any point in time, even if the previous achieved maximum (minimum) cannot be ignored. The proposed method has several distinctive features:
at the monitoring points (but not at any time points, hence with no discussion of the hedging parameters) was independently suggested on pp. 893-4 in Borovkov and Novikov (2002) . The method proposed here is more general, as it is applicable to the pricing of both discrete lookback and barrier options at any time points (and hence to the computing of the hedging parameters).
The rest of the paper is organized as follows. Section 2 introduces some notations. Laplace transforms are derived in Section 3. The main algorithm is summarized in Section 4. We then show in Section 5 how to implement the algorithm and provide some numerical results. Appendix A discusses possible extensions of our methodology to various products. Details on the Laplace inversion algorithms are deferred to Appendix B.
The reader who is mainly interested in practical aspects of the method may want to go directly to the algorithm in Section 4 and then to the numerical examples in Section 5.
Notation

Lookback options
A standard (also called floating) lookback call (put) gives the option holder the right to buy (sell) an asset at its lowest (highest) price during the life of the option. In a discrete time setting the minimum (maximum) of the asset price will be determined at discrete monitoring instants. We assume that the monitoring instants are equally spaced in time. More precisely, consider the asset value S(t), monitored in the interval [0, T] at a sequence of equally spaced monitoring points, 0 ≡ t(0) < t(1) < … < t(m) ≡ T. Let X i : = log{S(t(i)) ⁄S(t(i -1))}, where X i is the return between t(i -1) and t(i), and At any time t, lying between the (l -1)th and lth monitoring points, ie,
(t(l -1)) ≤ t < t(l)
standard finance theory gives the values of the standard (floating) lookback call and put option at any time t ∈ [0,T] as
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( , ) ( respectively, where r is the risk-free interest rate and E* represents the expectation under the risk-neutral measure (the measure could be specified by arbitrage argu-ments for the Brownian model or by equilibrium arguments for general models). In the same way, at any time t ∈ [0,T], for the fixed strike put and call we have
FP(t, T ) = e -r (T-t) E*[(K -m 0,T ) + |F t ] and FC(t, T ) = e -r (T-t) E*[(M 0,T -K)
Other types of lookback options include percentage lookbacks in which the extreme values are multiplied by a constant, and partial-lookback options in which the monitoring interval for the extremum is a subinterval of [0, T ]. We will not attempt to price such derivatives and refer the interested reader to Andreasen (1998) for a detailed description.
Barrier options
Barrier options can be classified according to whether the asset price needs to pass or to avoid a certain level to receive a payoff. In the first case they are called knock-in options, in the second knock-out. For example, the up-and-out call and put options (UOC and UOP from now on) with strike K, barrier H and maturity T, have payoffs (S(T) -K) + 1 {M 0,T < H} and (K -S(T)) + 1 {M 0,T < H} , where 1 {·} is the indicator function of the event {·}. Similarly, up-and-in call and put options (UIC and UIP from now on) with the same parameters have payoffs (S(T) -K) + 1 {M 0,T ≥ H} and (K -S(T)) + 1 {M 0,T ≥ H} . Down-and-in and down-andout options have a similar structure with M 0,T substituted by m 0,T . As seen for lookbacks, we can value barrier options by taking the discounted expected value of the payoff at maturity under the risk-neutral measure; for example, the price of an up-and-out put option is (3)
All other barrier options can be priced in the same way.
Some mathematical notation
Define the maxima of the return process between the monitoring points to be
where we have used the convention that the sum is zero if the index set is empty. Throughout the paper, we shall assume that X 1 , X 2 ,…, are independent identically distributed (iid) random variables. With X s, t := log{S(t) ⁄ S(s)} being the return between time s and time t, t ≥ s, define 3 Laplace transforms for discrete lookback and barrier options
Characteristic function computation
The results in this subsection generalize the results in Ohgren (2001) by showing how to compute x l, k and xˆl , k (6) recursively via Spitzer's formula for the sum of iid random variables.
, , (8) is a slight generalization of the recursion given in Ohgren (2001) , in which the case l = 0 is discussed. To show (9), first note that Spitzer (1956) also proves that, for s < 1 and u, v ∈ C, with Im (u) ≥ 0 and Im (v) ≥ 0:
We can again extend (10) to any u, v ∈ C, by limiting s ≤ s′ 0 for some s′ 0 small enough. In fact, the result will still hold for s ≤ s′ 0 = 1 ⁄c′, with c′ =
Now (9) follows by using Leibniz's formula at s = 0, as in Ohgren (2001) .
LEMMA 2 When u and v are real numbers, we have
, ,
and the proof is terminated.
Lemma 2 indicates that whenever u and v are real numbers, we can easily compute a l, k and â l, k via analytical solutions of the standard call/put options. Often, the Numerical pricing of discrete barrier and lookback options via Laplace transforms 7
formulae for call/put options are analytic functions, which can then be extended to the complex plane via analytical extensions even when u and v are complex parameters. This is useful when we numerically invert Laplace transforms, as the inversion will be performed in the complex plane.
Laplace transform for discrete lookback options
Under a given risk-neutral measure, the price of a lookback option is
using the notation in (4). Since A(1, t) can be computed via x l, m and (4), we only need to compute the second term in (12). If t is a monitoring point t(l) and S t(l) ≥ M 0, t (l -1) , that is, whenever the previous maximum of the asset price is less than the value at the l th monitoring point and can, therefore, be ignored, then the second term in (12) is zero. This is exactly the case studied in Ohgren (2001) . However, in general, when either t is not a monitoring point or t is a monitoring point t(l) but S t(l) < M 0, t (l -1) , it is necessary to compute the second term in (12). For this purpose, following a Laplace transform approach first introduced by Carr and Madan (1999) , we now derive the Laplace transform of the second term in (12).
Theorem 1 Let ξ > 1 and assume that A(1 -ξ; t) < ∞. At any time t ∈ [t(l -1), t(l)), m ≥ l ≥ 1, the Laplace transform of
F   with respect to x is given by from which the conclusion follows. 
where L ξ -1 means the Laplace inversion with respect to ξ, and σ is the volatility parameter.
PROOF (16) is a direct consequence of (15), (13), (12), and (11). All other results follow easily by interchanging derivatives and integrals, which is legitimate by using Theorem A. 12 on pp. 203-4 in Schiff (1999) .
K and the conclusion follows via (13) and (14).
The derivation of the greeks for fixed strike lookback options is similar to that in Corollary 1 and hence is omitted. Analogous results for lookback calls with both fixed and floating strikes are deferred to Appendix A.
Laplace transform for barrier options
In this subsection we derive a Laplace Transform for the up-and-out put option. In Appendix B we will also show how the same approach can be extended to price other barrier options via symmetry.
THEOREM 2 Let ξ > 1 and ζ > 0 and assume that C(-ζ, 1 - PROOF Letting the risk-neutral density of (X t, T , Y l, t m ) be φ(x, y), we can write
log( (
The Laplace transform is then given bŷ
Consider the integral with respect to κ first. Applying Fubini's Theorem, we can interchange the order of integration and obtain e e e d d
( (
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Now consider the integral with respect to h and apply once again Fubini's Theorem:
from which the conclusion follows.
By inverting (17) and its derivatives with respect to S(t) and the volatility σ, we can explicitly find the price of the up-and-out option and its Delta, Gamma and Vega values.
COROLLARY 3 At any time t ∈ [t(l -1), t(l))
, with 1 ≤ l ≤ m, we have:
(
The main algorithm
The results in the previous section lead to an algorithm for computation of the prices and hedging parameters (the Greeks) for discrete lookback and barrier options under a quite general class of asset pricing models, essentially only requiring that the return process is a Lévy process (with independent and stationary increments). To illustrate the algorithm, without loss of generality, we shall focus on computing the price and the Greeks for a floating lookback put (or an up-and-out put option).
The Algorithm
Input: Analytical formulae of standard European call and put options.
Step 1 Use the European call and put formulae to calculate a i, k (aˆi , k ), via (7) and Lemma 2.
Step 2 Use the recursion in equation (8) (eq. (9)) to compute x l, k (xˆl , k ).
Step 3 Compute A(u; t) (C(u, v; t) ) from equation (4) (eq. (5)).
Step 4 Numerically invert the Laplace transforms given in Corollary 1 (Corollary 3).
For other lookback and barrier options, the only change is in Step 4; more precisely, one simply uses the results in Appendix A instead of Corollaries 1 and 3. In
Step 4 the Laplace transforms are inverted by using two-sided Euler inversion algorithms (See Appendix B and Petrella, 2004) , which are extensions of onesided Euler algorithms in Abate and Whitt (1992) and Choudhury, Lucantoni and Whitt (1994) .
As will be demonstrated in our numerical examples, for a wide variety of parameters (including the cases where the barrier is very close to the initial asset price and there are many monitoring points), the algorithm is quite fast (typically only requires a few seconds), and is quite accurate (typically up to three decimal points). Furthermore, the algorithm essentially only requires to input the standard European call and put prices, thanks to Spitzer's formula; the implication of this in terms of hedging discrete lookback and barrier options using standard European call and put options remains an interesting open problem.
The workload in the algorithm is quadratic in the number of monitoring points. Indeed, the computation of a 0, j for j = 1,…, m is equivalent to computing m European call/put prices (2m for the computation of (aˆi , k )). Therefore, the recursion in Step 2 requires m(m + 1) ⁄ 2 operations to compute either x m, k or xˆm , k . Thus, the total workload for both barrier and lookback options is of the order O(Nm 2 ), where N is the number terms needed for Laplace inversion.
Examples and numerical implementation
Lookback options under the Brownian model
In the setting of Black and Scholes (1973) , the underlying asset follows a geometric Brownian motion
where µ and σ are constant and W(t) is a Wiener process with a zero mean and a variance of t. Under the risk-neutral measure µ* = r -q, where q is the continuous dividend rate.
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At any generic point in time t ∈ [t(l -1), t(l)), we must compute A(1 -ξ; t) in (4) with ξ ∈ . Using (19), we can immediately derive
where ξ′ = 1 -ξ. In order to implement the recursive equation (8) to compute E*[e ξ′M l, m], we must first find the coefficients a l, k as defined in (7). For notation simplicity, without loss of generality we will let l = 0, and where Φ(·) is the CDF of the standard normal distribution. Since the function is analytic, it can be extended to the complex domain as
where Erfc(·) is the complex complementary error function.
Many algorithms and built-in software functions have been developed to accurately compute the complex complementary error function. In our implementation we compute it via the Faddeeva Function W(z), defined by W(z) = exp(-z 2 )Erfc(-iz), using an algorithm by Poppe and Wijers (1990) , which ensures an accuracy of 13 digits in almost the entire complex plane.
We now proceed to compare the prices from the Laplace transform method (LT, from now on) with results obtained by Broadie et al (1999) (BGK, from now on) using enhanced trinomial trees, and to compare the Greeks with the estimates from Monte Carlo simulation (MC, from now on). In our implementation of the MC simulation, we follow the methodology suggested by Broadie and Glasserman (1996) and estimate the delta via their pathwise MC method, while the gamma is estimated via re-simulation. The numerical results for a floating lookback put, reported in Table 1 , indicate that the accuracy of the LT method is high. We have found the algorithm to be extremely robust for various levels of volatility and maturity. Furthermore, our implementation of the Euler algorithm allows us to price lookback options with high accuracy even when the stock price at time t is close to the previous maximum M 0, t (l -1) .
Lookback options under Merton's and double exponential jumpdiffusion models
Under jump diffusion models (JD from now on), the asset price is assumed to have the following dynamics:
where W(t) is a standard Brownian motion, N(t) a Poisson process with rate λ, and {V i } a sequence of iid non-negative random variables. The random variables V i represents the price jump that occurs following the ith Poisson event. The probability of n jumps occurring in the time interval [t 1 , t 2 ] is given by LT, BGK, and MC stand for the proposed Laplace transform method, the lattice method in Broadie, Glasserman, and Kou (1999) , and the Monte Carlo method (based on 10 million simulation runs), respectively. The parameters are S = 100, σ = 0.3, r = 0.1, T = 0.5. The reported time is the CPU time on a Pentium 1.8 Ghz to compute both the price and the Greeks (delta and gamma) via the LT method. As a comparison, the MC method takes several minutes on the same machine, and the BGK method takes more than one hour CPU time on a Pentium 133 for m ≥ 40.
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In Merton's (1976) model (MJD, from now on), J = log(V) has a normal distribution with mean µ J and variance σ J 2 . On the other hand, in the double exponential jump diffusion model (Kou, 2002) , denoted by DEJD from now on, Y = log(V) has an asymmetric double exponential distribution with the density f Y (y) = p · η 1 e -η 1 y 1 {y ≥ 0} + q · η 2 e η 2 y 1 {y < 0} , η 1 > 1, η 2 > 0 where p, q ≥ 0, p + q = 1, represent the probabilities of upward and downward jumps. Under the risk-neutral measure the drift becomes µ* = r -q -λζ, with ζ = E*(V) -1. In MJD E*(V) = E*(e J ) = e µ J + σ J 2 ⁄ 2 , while in DEJD
As for the previous case, at any point t ∈ [t(l -1), t(l )) we need to compute E*[e ξ′Y l, t m] in (4). Conditioning on the number of jumps occurring in [t, t (l)], we can easily find
with E*[e ξ′J ] = exp{ξ′µ J + (ξ′σ j ) 2 ⁄ 2} in MJD and E*[e ξ′J ] = (q η 2 ⁄(η 2 + ξ′)) + (p η 1 ⁄(η 1 -ξ′)) in DEJD. We can also find the values of the coefficients a k , conditioning on the number of jumps occurring in [t(l), t(k)]. In MJD, defining
using the notation in (23). In practice, when computing the coefficients above, we will consider a truncated series up to the n * th term, with P(N(t(k)) -N(t(l)) > n * ) < 10 -6 . For DEJD, the computation of the coefficients a k follows the same line of derivations and is omitted for brevity. We only point out that for the integrals I k (λ, α, β, δ) (using the notation in Kou 2002) the recursive relation I n = -(e αλ ⁄α)Hh n (βλ -δ) + (β ⁄α)I n -1 still holds for complex α substituting the normal cdf with the complex error function. We now compare the LT method with MC, to verify the accuracy of the results. In Tables 2 and 3 we consider a floating lookback put option under the two jump-diffusion models, assuming two different values of the previous recorded maximum for various monitoring frequencies. In both models we set the total volatility to be 0.3. For MJD we set µ J = -0.01 and find the value of σ J such that E(V) = 1. Then, we choose the value of the jump rate λ and the diffusion volatility σ D , by fixing the fraction of the total variance explained by jumps to be 0.5. For DEJD we follow the same approach, by setting the values of η 1 = 10 and then finding η 2 and p, so that E(V) ≈ 1 and the jump volatility is approximately equal to σ J of MJD. The jump rate and diffusion volatility are once again determined by assigning half of the total variance to the jump component. We follow this approach in choosing the parameters throughout the paper for all the experiments regarding jump-diffusion models. For a detailed analysis of the calibration of jump-diffusion models, we refer the interest reader to Cont and Tankov (2004) . MC is based on 10 million simulation runs. The parameters are S = 100, r = 0.1, σ = 0.212% , λ = 2.24, µ J = -0.01, σ J = 0.141, T = 0.5. The reported time is the time to compute both the price and sensitivity parameters using the LT method.
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Barrier options under the Brownian model
To obtain the Laplace transform for the up-and-out put barrier option presented in the previous section we need to compute C(-ζ, 1 -ξ; t) in (5) and Corollary 3. Assuming the stock price follows equation (19), the first factor of the product in (5) is given by (20). The second factor in (5) can be computed using the recursive formula (9) from Theorem 1. We therefore need to find the coefficients â k , which require the computation of E*[e (ξ′ + ζ′)B MC is based on 10 million simulation runs. The parameters are S = 100, r = 0.1, σ = 0.212, λ = 2.29, η 1 = 10.0, η 2 = 5.71, p = 0.6, T = 0.5. The reported time is the CPU time to compute both the price and sensitivity parameters using the LT method. We can therefore easily compute the coefficients â k , using the Error Function (or Faddeeva Function) as for the lookback option, thus leading to a Laplace transform for barrier options.
Giovanni Petrella and Steven
In Table 4 , we compare the LT method with MC. For the gamma values we cannot use the MC results, given the high standard deviation of such estimates in this case. Instead, the gamma is computed using a finite difference approach. More precisely, Γ = (P(S + δ) + P(S -δ) -2 × P(S)) ⁄ δ 2 , where P(S) is the option value for an initial asset value of S obtained using the LT method. In our examples we set δ = 0.05. Of course the same approach can be used to check the value of delta The parameters are S = 100, K = 100, σ = 0.3, r = 0.05, T = 1.0.
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by estimating ∆ = (P(S + δ) + P(δ)) ⁄ δ, although it is not used here. In Tables 5  and 6 , we further compare the prices and deltas with those reported in Broadie et al (1997) . The results seem to be consistent. Additional comparison with results in Broadie and Yamamoto (2003) in Section 5.5 further confirms the accuracy of our method. The parameters are S = 100, K = 100, σ = 0.3, r = 0.1, m = 50, T = 0.2. For the 50 monitoring points it always takes less than 15 seconds on a Pentium IV 1.8 Ghz to compute the price and delta using the LT method. The parameters are S = 100, r = 0.10, m = 50.
To check whether the LT algorithm works well in some extreme cases, we also report in Table 7 the results for very high/low volatility, and when the asset price is very close the barrier. The results show that the LT algorithm performs well even in these extreme cases.
Barrier option under Merton's and double exponential jumpdiffusion models
Assuming the stock price follows the process described in (22), we can easily compute the coefficients â k , using the approach in Section 5.2, where the quantities E * [e ξ′X t, t(l)] and E * [e (ξ′ + ζ′)B + 0, k ] have already been derived. Therefore, we just need to compute E * [e -ξ′B -0, k]. For MJD, at any time t ∈ [t(l -1), t(l)), conditioning on the number of jump in [t(l), t(k)), we have:
where, as before, µ k n = µ* + nµ J and -ξ′B -0, k] can be easily computed following the same methodology in Kou (2002) for the pricing of call/put; the results are omitted for brevity. In summary, we can easily find the coefficients â k , and, therefore, the Laplace transform for the barrier option under both MJD and DEJD. In Tables 8-11 we compare prices and sensitivities for an up-and-out put option under the two models. Again, the algorithm provides consistent results even for values of the barrier very close to the original asset price. The parameters are S = 100, K = 100, T = 0.5, r = 0.05. MC standard errors are reported in parentheses.
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Comparison with Broadie-Yamamoto algorithm
Recently, Broadie and Yamamoto (2003) have proposed a very efficient algorithm based on the fast Gauss transform to price various discrete path-dependent options, including lookback and barrier options. If the objective is to compute the option prices when the return distribution is Gaussian or a mixture of independent Gaussian random variables, then the Broadie-Yamamoto algorithm is preferable, since it is extremely fast. On the other hand, our Laplace transform method aims at a more general setting; more precisely, we can compute the prices for a broader class of return processes, including non-Gaussian distributions (eg, the double 
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exponential jump-diffusion model), which may not be easily written as a mixture of independent Gaussian random variables. Furthermore, it is very easy to compute, almost at no additional computational cost, hedging parameters (the Greeks) using the proposed Laplace transform method.
In the cases of the Brownian model and Merton's model, both the Laplace transform method and Broadie-Yamamoto method are applicable to compute option prices. Tables 12 and 13 confirm that both methods lead to almost identical numerical results for the prices. The parameters are S = 100, K = 100, r = 0.05, η 1 = 10, η 2 = 5.712, p = 0.6, T = 0.2, m = 50. The CPU times on a Pentium IV 1.8 Ghz for the LP method, with 50 monitoring points, are approximately 80 and 110 seconds for total volatility levels σ TOT = 0.3 and σ TOT = 0.5, respectively.
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Conclusion
In this paper, we proposed a new methodology based on Laplace transforms to compute the price and hedging parameters of discretely monitored lookback and barrier options. The proposed approach is appealing because it is valid in a quite general framework, including both the classical Brownian model and jump diffusion models. It is also easily implementable given the availability of standard routines for the inversion of Laplace transforms. Our numerical analysis demonstrates that the method is accurate and fast. One limitation of the method is that the European call and put prices have to be computed accurately and fast, preferably by using analytical formulae to reduce errors and to increase the speed in computing the recursions. However, analytical formulae may not be available for general Lévy-process models.
The method could also be extended to price other derivatives, whose values are a function of the joint distribution of the terminal asset value and its discretely monitored maximum (or minimum) throughout the lifetime of the option, such as partial lookback options. The parameters are S = 100, K = 100, σ = 0.2, T = 0.2, r = 0.1. 
Then Â (u, t) can be computed via the recursion in Lemma 1 by changing X i to -X i . We can express the value of a floating strike lookback call, at a generic time t ∈[t(l -1), t(l)), with 1 ≤ l ≤ m, as:
, only the second term in the parenthesis needs to be computed.
THEOREM A1 At any time t ∈ [t(l -1), t(l)), m ≥ l ≥ 1, the Laplace transform with respect to x of (27) is an immediate consequence of (24) and (26). All other results follow from the interchange of derivative and integral, justified by Theorem A. 12 on pp. 203-204 in Schiff (1999) .
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COROLLARY A2 At any time t ∈ [t(l -1), t(l)), l ≥ 1, the price of a fixed strike lookback put is given by
We omit for brevity the results for the greeks, which are of immediate derivation.
A2 Extension of the results to other barrier options
There are eight types of barrier options, four "up" types (e.g. up-and-in call) and four "down" types (e.g. down-and-in call) . In this section we will extend the results of Section 3.3 to all other types of barrier options.
(a) "Up" type barrier options First we will find the two-dimensional Laplace transform for an up-and-out call option, following the approach for up-and-in put option in Subsection 3.3.
THEOREM A2 Let ξ > -1 and ζ > 0 and assume that C(-ζ, ξ + 1; PROOF The proof follows the one of Theorem 2 and is therefore omitted. 
UOC t T S t r T t
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Knowledge of the up-and-out put and call prices and greeks allows us to easily compute the value and hedging parameters of down-and-out and up-and-in put options, because
UIC(t, T) = BSC(t, T) -UOC(t, T), UIP(t, T) = BSP(t, T) -UOP(t, T)
where BSC(t, T) and BSP(t, T) are the value of a standard call and put options with the same strike K of the two barrier options, respectively.
(b) "Down" type barrier options By symmetry (see, among others, Haug 1999), "down" type barrier options can be deduced from the "up" type barrier options. More precisely, consider first the case of down-and-out call
where Z(T) = e -r (T-t) S(T) ⁄S(t) is a martingale under P*. It is fairly easy to find the dynamics of the stochastic process S¯(T ) = 1⁄S(T) under the probability measure P˜, such that dP˜⁄dP* = Z(T), in a Brownian or a jump-diffusion framework (Schroder 1999) . Therefore, defining M 0, T = max 0 ≤ j ≤ T⁄∆T S¯j = 1⁄m 0, T , we can rewrite:
Hence, we have reduced the problem to pricing an up-and-out put for the asset S¯T, with strike 1⁄K and barrier 1⁄H. In particular, for the Brownian case, at any time t < T, we have
DOC S t K H r q T t S t K UOP
Therefore, the two options can be priced directly using the Laplace transforms previously described. Under the MJD model, we have at any t < T: For the DEJD, instead, we have 
DOC S t K H r q p T t S t K UOP
Rescaling by a constant C ≤ min(S(t), M 0, t(l -1) ), we can write:
Although the choice of C is somewhat arbitrary, the purpose of introducing C is to make sure that the Laplace inversion will not be conducted at extreme points for a wide range of model parameters. When t is a monitoring point, we can set C = min(S(t), 0.99M 0, t (l -1) ). Thus, the function f (M′; S(t)) is confined on the positive real line, because M′: = log(M 0, t (l -1) ⁄C) ≥ 0. We can therefore refer to the one-sided version of the Euler algorithm. We find that using N 1 = N 2 = 40 iterations (by symmetry, on both sides of the real line) to compute the partial sums ensures extremely accurate results.
If t is not a monitoring point, with t(l -1) ≤ t < t(l), since Y t l, m ≥ X t, t(l ) and log(S(t) ⁄C) ≥ 0, we have f (M 0, t (l -1) ; S(t)) ≤ Ce M′ P (X t, t(l ) ≤ M′), with M′ = log(M 0, t (l -1) ⁄C). We can then apply the results in Petrella (2004) and A = 18.4, if the resulting C satisfies C ≤ S(t), which holds in all our numerical cases. In the DEJD model we also need to make sure the characteristic function of X t, t(l) has no discontinuities. To this end, we fix 
F   
When t is a monitoring point, we can set C = min(1 ⁄ S(t), 0.99⁄m 0, t (l -1) ) and m′ = -log(C · m 0, t (l -1) ) ≥ 0. Again, the function g(m′; S(t)) will only be defined on the positive real line. We can therefore refer to the one-sided version of the Euler algorithm. We use N 1 = N 2 = 40 iterations (again, by symmetry).
When not at a monitoring point, defining m′ = -ln (C · m 0, t (l -1) ), we can write X t, t(l) . We are then in the framework described in Petrella (2004) for the pricing of plain vanilla call options and choose the inversion parameters accordingly. Specifically, we set m′ = α A, with to avoid discontinuities of the characteristic function of X t, t (l) . As before, we set N 1 = N 2 = 150 for all cases.
B2 The Euler inversion for barrier options
(a) Up-and-out put By introducing two rescaling parameters C 1 and C 2 , the up-and-out put price can be expressed as When t is a monitoring point, we can choose C 2 = S(t) so that the option price is only defined for positive values of the variable h′ = ln(H ⁄ S(t)). Hence we only need to study the discretization error on the negative real axis for the random variable k′ = ln(K ⁄ C 1 ). But since If t is not a monitoring point, we must carefully choose C 2 as well. We can easily find exponential bounds in k′ and h′ for the price of an up-and-out put: In fact, for any ϑ > 0 and k′ < 0, we have P(X t, T < k′) = P(e -ϑX t,T > e -ϑk′ ) < e ϑk′ E(e -ϑX t,T ), by Markov's inequality. In the same way, P(X t, t,l < h′) < e ϑh′ E(e -ϑX t,t,l ) for ϑ > 0, h′ < 0. Also, for k′ < 0, h′ < 0, , with ϑ, ζ > 0. We can therefore bound all the probabilities in (30). As outlined in Petrella (2004) , by using appropriate parameters, we can obtain exponential bounds on the discretization errors as well. In our implementation we have chosen If t is a monitoring point, we can choose C 2 = S(t) so that the option price is only defined for positive values of the variable h′ = ln(H⁄S(t)). Hence we only need to worry about the discretization error on the negative real axis for the random variable k˜′ = ln(1 ⁄ (KC 1 )). But since If t is not a monitoring point, we must carefully choose C 2 , as well. Exponential
